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Abstract
We report on a two-parameter family of exact asymptotically flat
stationary solutions to Einstein-Maxwell theory. These solutions are
free from ring singularities in a specific parameter range. They rep-
resent systems of two non-rotating extreme black holes with opposite
magnetic and NUT charges, connected by a tensionless Dirac-Misner
string. For a given ADM mass of the system, the distance between the
two black holes has a lower bound. We also discuss the limit in which
the two constituent black holes are far apart.
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1 Introduction
Complementary to the intense ongoing activity in the observation of binary
black hole mergers, analytical investigations of stationary double black hole
systems can help to understand the physics of slowly evolving double black
hole systems. It is well known that, generically, exact stationary double
black hole solutions to Einstein-Maxwell theory exhibit a conical singularity
(strut or cosmic string) on the portion of the axis between the two black
holes, which accounts for the force necessary to balance their mutual attrac-
tion or repulsion. Exceptions are the static Majumdar-Papapetrou (MP) [1]
linear superpositions of extreme Reissner-Nordstro¨m black holes. Station-
ary asymptotically flat Israel-Wilson-Perje`s (IWP) [2] superpositions of two
extreme Reissner-Nordstro¨m-NUT black holes [3], with equal masses and
electric charges, and opposite NUT (gravimagnetic) and magnetic charges,
are also strutless. These are usually considered to be unphysical because of
the presence of a metrical line singularity (Misner string) connecting the two
NUT sources [4]. However we have shown elsewhere [5] that, contrary to cos-
mic strings, Misner strings are transparent to geodesic motion. And, while
they are surrounded by a region containing closed timelike curves (CTCs),
we have argued that these do not necessarily lead to observable violations
of causality [5, 6].
Both MP and IWP linear superpositions of two black holes with given
physical characteristics (masses and charges) exist for an arbitrary separa-
tion between the two black holes. In a recent paper [7], we have investi-
gated a class of four-parameter stationary asymptotically flat solutions to
the Einstein-Maxwell equations previously constructed in [8], and shown
that these represent non-linear superpositions of two rotating extreme black
holes, their separation being intrincately related to the four black hole
charges. Possible ring singularities can be avoided by an appropriate re-
striction of the parameter domain, though this was not addressed in the
general case in [7]. Interestingly, we found some one- and two-parameter
subclasses in which the conical singularity is also absent in the horizon co-
rotating frame, and pointed out that this does necessarily mean that the
system is balanced. The purpose of the present paper is to address system-
atically these two questions: What is the parameter domain in which the
ring singularity is absent ? And, is there a parameter subclass in which the
strut singularity is unambiguously absent ?
In the next section, we briefly review the four-parameter class of solutions
as presented in [7], and determine a necessary condition for the absence of
ring singularity. In section 3 we find a two-parameter subclass of solutions
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with vanishing conical singularity, both in the horizon co-rotating frame and
in the global frame (that of the observer at spacelike infinity). The properties
of these solutions, including the large-distance limit, are discussed in section
4. We close with a brief summary of the results.
2 Review of the four-parameter family of double
black holes
We first review briefly the four-parameter family of magnetostatic solutions
to the Einstein-Maxwell equations constructed in [8] and interpreted in [7]
as the fields of double black hole systems. We recall that the Ernst poten-
tials1 E and ψ may be expressed in terms of Kinnersley potentials (U, V,W )
according to
E = (U −W )/(U +W ), ψ = V/(U +W ), (2.1)
In the parametrization of [7], the Kinnersley potentials of these solutions
are given in prolate spheroidal coordinates by:
U = (x2 − δy2)2 − d2 − νλ(1− y4) + 2ixy[ν(x2 − 1) + λ(1− y2)],
V = µ{−νx(1− y2) + iy[(x2 − 1) + δ(1 − y2)]},
W = mx[(x2 − 1) + (bν + δ)(1 − y2)]−
−imy[b(x2 − 1) + (bδ − λ)(1− y2)]. (2.2)
The prolate spheroidal coordinates x ≥ 1, y ∈ [−1,+1] are related to the
Weyl cylindrical coordinates ρ, z by
ρ = κ
√
(x2 − 1)(1− y2), z = κxy, (2.3)
where κ is the fundamental length scale. The other three independent pa-
rameters may be chosen to be the dimensionless m, ν and λ, the other
parameters appearing in (2.2) being related to these by
δ = 1 + ν2 − m
2
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, d = 1− δ, µ2 = m2b2 + 4dδ, (2.4)
b =
2
m2
[ν(d− δ)− λ] (2.5)
(the reality of µ is ensured only in a sector of the three-space (m, ν, λ)).
1Our definitions of the Ernst potentials follow [9], equations (3.1)-(3.3).
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These parameters are simply connected to the three main asymptotic
observables (read off from the behavior of (2.2) for x→∞), the total mass
M , angular momentum J and dipole magnetic moment µ:
M = κm, J = κ2ma, µ = κ2µ (a = b+ 2ν). (2.6)
We will assume in the following m ≥ 0. The total electric charge and
electric dipole moment vanish, while the total quadrupole electric moment
is Q2 = −κ2µν.
2.1 Absence of ring singularity
The solutions (2.2) can present a ring singularity where the function U +W
vanishes, so that the Ernst potentials E and ψ blow up, signalling a strong
curvature singularity. So we should first restrict the model parameters to
the sector in which this ring singularity is absent2. The ring singularity
corresponds to a solution of the system
Re(U +W )(x, y) = 0, Im(U +W )(x, y) = 0 (2.7)
with y2 < 1. The second equation (2.7) is trivially satisfied in the equatorial
plane z = 0 (y = 0). As Re(U +W ) is positive for large x, a necessary
condition for the absence of ring singularity is therefore
(U +W )(1, 0) = 1− d2 − νλ+m(bν + δ)
= δ(1 + d+m) + ν(mb− λ) ≥ 0. (2.8)
The parameters b and λ are linearly related through (2.5), so that, using
(2.4), the above condition may be rexpressed as a bound for mb:
mb ≥ 4ν
2d− (m+ 2)2δ
2ν(m+ 2)
, (2.9)
where we have assumed, without loss of generality, ν > 0 (for the special
case ν = 0, see below). Interestingly, this regularity condition also ensures
that the scaled magnetic moment µ is real, and gives the lower bound:
µ2 ≥
(
4ν2d+ (m+ 2)2δ
2ν(m+ 2)
)2
. (2.10)
In the special case ν = 0, treated in [7], the ring singularity is absent for
m < 2, all values of b being allowed, and the condition m < 2 also ensures
the reality of µ.
2In [7] this question was addressed only for special parameter subspaces.
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2.2 Horizon and string
The three Kinnersley potentials (2.2) and the corresponding stationary met-
ric and electromagnetic field degenerate for x = 1, y = ±1 (ρ = 0, z = ±κ).
The transformation to Kodama-Hikida [10] coordinates (X,Y ),
X =
√
1− y2
x2 − 1 , Y =
y
x
, (2.11)
resolves these coordinate singularities into two degenerate horizons Y = ±1,
co-rotating at the angular velocity
ΩH =
2(ν − λ)
κ[(m+ 2d)2 + (mb− 2ν)2] . (2.12)
These two symmetrical surfaces, viewed in the co-rotating frame, are topo-
logical spheres, smooth except at the endpoint X → ∞ where they generi-
cally present a conical singularity with deficit angle 2pi(1 − αH) (the value
of the constant αH is given in [7]). The sign of this deficit angle is difficult
to determine in the general case.
Another coordinate singularity is the segment x = 1, y2 < 1 (ρ = 0,
−κ < z < κ). The metric near this segment is that of a spinning cosmic
string in a background curved spacetime, with deficit angle pi(1 − αS) and
spin −ωS/4,
ds2 ≃ −FS(y)(dt− ωSdϕ)2 +GS(y)
[
dy2
1− y2 + dξ
2 + α2Sξ
2dϕ2
]
, (2.13)
where ξ2 ≡ x2 − 1, and
αS =
1
δ2 + νλ
, (2.14)
is generically different from αH . However, after transforming to the horizon
co-rotating frame by setting dϕ = dϕˆ + ΩHdt, one obtains for the cosmic
string the transformed parameters
αˆS =
αS
(1− ΩHωS) , ωˆS =
ωS
(1−ΩHωS) , (2.15)
where, not surprisingly,
αˆS = αH . (2.16)
We recall that the deficit angle of the string metric is proportional (by a
factor 8pi) to the string tension, measuring the force between the two black
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holes, while the string spin corresponds to a gravimagnetic flow along the
Misner string connecting two opposite NUT sources (the horizons) with
opposite NUT charges ±NH , with NH = −ωˆS/4,
NH =
καH
8
[
4δ2(mb− λ− ν) + ν(m2b2 − 4λν) + 2δ(m+ 2d)(mb − 2λ)− λ(m+ 2d)2
]
.
(2.17)
The two horizons also carry equal Komar masses MH , angular mo-
menta JH , and electric charges QH (computed in [7]), and opposite magnetic
charges ±PH . Knowing these, one obtains straightforwardly the string Ko-
mar mass MS =M − 2MH , angular momentum JS = J − 2JH and electric
charge QS = −2QH .
3 Static class of solutions with vanishing string
tension
Generically, the string tension can be positive or negative, so that there is
a class of solutions with vanishing string tension. This class is such that, in
the global frame, αS = 1, or
δ2 + νλ = 1. (3.1)
However, as discussed in [7], it is not clear whether this condition is enough
to ensure that the two constituent black holes exert no force on each other,
or in other words that the solution is singularity-free. This is because, from
(2.15) and (2.16), αH is generically different from αS so that, if the string
tension vanishes in the global frame, the two horizons will nevertheless ex-
hibit conical singularities in the local horizon co-rotating frame. There are
two possible ways to ensure αH = αS : either ωS = 0, or ΩH = 0. The
first condition, ωS = 0, which means also NH = −ωˆS/4 = 0 (vanishing
NUT charge), is often considered to be a necessary regularity condition
(the “axis condition”). We have argued elsewhere [5] that this condition
should be lifted, on the grounds that Misner strings are not genuine sin-
gularities: they are transparent to geodesic motion, and although they are
surrounded by closed timelike curves, the spacetime does not admit closed
timelike geodesics. In the present case, we strongly doubt whether the equa-
tion NH = 0 together with the condition (3.1) can lead to solutions free from
a ring singularity.
The other possibility is a vanishing horizon angular velocity,
λ = ν. (3.2)
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This condition selects the “static” class of solutions discussed in [7]. The
vanishing string tension condition (3.1) then reduces to
δ2 + ν2 = 1, (3.3)
which may be combined with the first equation (2.4) to yield a second degree
equation for ν2 in terms of m2, which is solved by
ν2 =
1
2
[
m2
2
− 3±
√
9−m2
]
, (3.4)
provided m ≤ 3. As shown in [7], in the static case the reality of µ implies
δ ≥ 0, which selects the upper sign, and m ≤ 2√2. One then finds, for the
other solution parameters,
δ =
1
2
[
−1 +
√
9−m2
]
, d =
1
2
[
3−
√
9−m2
]
(3.5)
(both positive), and
mb = −4νδ
m
, µ2 =
32dδ
m2
. (3.6)
We wish to further constrain the sole dimensionless parameter m to
ensure the absence of ring singularity. We first observe that
Im(U +W )(x, y) = νy
[
2x(x2 − y2) + 4δ
m
(x2 − 1) +
(
4δ2
m
+ 1
)
(1− y2)
]
.
(3.7)
The bracket is positive definite, so that the only possible ring singularities
are in the equatorial plane y = 0. They will be absent if the function
Z(x) ≡ (U +W )(x, 0) remains positive in the whole range x ∈ [1,∞[. Using
the above relations between the solution parameters, we obtain
Z(x) = x4 +mx3 − 8d
m
x− 2d. (3.8)
One finds that Z(1) ≥ 0 in the range m ≤ 2.506. Z ′(x) is then positive
for x = 1 and is an increasing function of x, so that the absence of ring
singularities is guaranteed by the condition
m ≤ mmax ≃ 2.506. (3.9)
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The explicit metric and electromagnetic field are
ds2 = − f
Σ
(
dt− κΠ
f
dϕ
)2
+
+ κ2Σ
[
(x2 − y2)−3
(
dx2
x2 − 1 +
dy2
1− y2
)
+ f−1(x2 − 1)(1 − y2)dϕ2
]
,
A =
1
Σ
[vdt+ κΘdϕ], (3.10)
where the various functions are given by
f(x, y) = [ζ2 + ν2(1− y2)2]2 − 4ν2(x2 − 1)(1− y2)(x2 − y2)2,
Σ(x, y) =
{
ζ(ζ +mx+ 2d) +mbνx(1− y2)− ν2(1− y4)
}2
+
+y2
{
2νx(x2 − y2) +m[−bζ + ν(1− y2)]
}2
,
Π(x, y) = −(1− y2)
{
ν(x2 − 1)(x2 − y2)
(
4mx[ζ +mx+ 2d− bν(1 + y2)]+
+2(m2b2 − 4dδ)y2
)
+ [ζ2 + ν2(1− y2)2] ·
·
(
2mb(x+m)ζ + ν[−m(2x+m) + 1
2
(m2b2 − 4dδ)](1 − y2)
)}
,
v(x, y) = µ
{
−νx(1− y2)
(
ζ(ζ +mx+ 2d) +mbνx(1− y2)− ν2(1− y4)
)
+
+y2ζ
(
2νx[x2 − y2] +m[−bζ + ν(1− y2)]
)}
Θ(x, y) =
µ(1− y2)
2
{[
ζ(ζ +mx+ 2d) +mbνx(1− y2)− ν2(1− y4)
]
·
·
[
(2x+m)(ζ +m2) + 2m(x2 − d− 2ν2))−mbν(1 + y2)
]
+
+2y2
[
2νx(x2 − y2) +m(−bζ + ν(1− y2))
]
·
·
[
mb(x+m)− ν(x2 − 1)
]}
. (3.11)
In the preceding, we have put
ζ ≡ x2 − 1 + δ(1 − y2). (3.12)
4 Properties
Although the horizons are non-rotating, the double black hole system nev-
ertheless has a generically non-vanishing total angular momentum
J = κ2ma =
2κ2ν
m
[
1 +m2 −
√
9−m2
]
. (4.1)
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This has two origins. First, the opposite NUT charges ±NH of the two
horizons generate a dipole angular momentum 2κNH , with
NH =
κν
m2
[
−(m2 + 5m+ 12) + (m+ 4)
√
9−m2
]
. (4.2)
This is always nonzero and opposite in sign to ν. Second, the combined
electric and magnetic fields generate an electromagnetic angular momentum.
The two exactly balance, J = 0, for the critical value
mc =
(
−3 +√41
2
)1/2
≃ 1.3044 (4.3)
(as previously reported in [7]). On the other hand, the magnetic moment
µ = κ2µ, with
µ2 =
8
m2
[
m2 − 12 + 4
√
9−m2
]
(4.4)
never vanishes. The table below (where we have assumed ν and µ positive)
gives the values of the scaled dimensionless observables: mass, angular mo-
mentum, and magnetic moment for m = 0, the critical value m = mc, and
the maximal scaled mass m = mmax above which a ring singularity appears:
m 0 1.304 2.506
ma −1.633 0 4.250
µ 1.633 1.545 1.057
(4.5)
Now we evaluate the various horizon characteristics. The area of each
horizon component is AH = piκ2Σ0, with
Σ0 =
8
m2
[
4m2 + 6m− 12− (m2 + 2m− 4)
√
9−m2
]
(4.6)
As shown in [9], the usual Smarr formula MH = 2ΩHJH + 2THS + ΦHQH
(where −ΦH = Aˆt the horizon electric potential in the co-rotating frame)
remains valid in the dyonic case. In the present case, the two horizon com-
ponents are degenerate (TH = 0) and non-rotating (ΩH = 0), so that the
two Komar horizon masses are simply given in terms of the horizon electric
charges and potentials by
MH = ΦHQH , (4.7)
with
QH =
4κµν
m2Σ0
[
−2(m+ 3)(m+ 6) + (m2 + 6m+ 12)
√
9−m2
]
,
ΦH = − 2µν
mΣ0
[
m− 1 +
√
9−m2
]
. (4.8)
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The expression of PH in terms of m is too complicated to give here.
The table below3 gives the values of the horizon areas, Smarr masses,
NUT charges, and electric and magnetic charges for m = 0,mc,mmax:
m 0 1.304 2.506
AH/piκ2 2.667 8.436 20.55
MH/κ 0 0.4742 0.1470
NH/κ −0.8165 −1.820 −3.024
QH/κ 0 −1.069 −1.200
PH/κ 0.8165 0.8074 0.4770
(4.9)
The sum of the two horizon Komar masses is generically different from the
asymptotic mass, the difference corresponding to the Komar mass MS =
M − 2MH of the Dirac-Misner string. The string has also an electric charge
QS = −2QH balancing the horizon charges (more on this below).
Let us discuss in more detail the large distance limit of the solution.
This is defined as the limit where the distance 2κ between the two horizons
becomes very large, κ → ∞, while the total mass M is held fixed, m =
M/κ→ 0. In this limit,
ν → m√
6
, δ → 1, mb→ −
√
8
3
, ΦH → −1, (4.10)
leading to the simple relations
MH ≃ −QH ≃M, NH ≃ −PH ≃ −
√
2
3
κ, AH ≃ 8
3
piκ2. (4.11)
The corresponding asymptotic observables are the total mass M and the
comparatively much larger, approximately equal (in gravitational units and
absolute value) angular and magnetic dipole moments:
µ ≃ −J ≃
√
8
3
κ2. (4.12)
The distance between the two constituent black holes, which scales as their
areal radius, is of the order of the ratio |J |/M . Note that both the gravimag-
netic and magnetic moments are in this limit essentially due to the dipole
moments of the opposite charges carried by the two horizons, J ≃ 2κNH
3We have again assumed ν and µ positive. The electric and magnetic charges are odd
under inversion of µ, and the electric charge and the NUT charge are odd under inversion
of ν.
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and µ ≃ 2κPH . In the limit κ→∞ in which m may be neglected altogether,
the solution reduces to a Majumdar-Papapetrou [1] superposition of two ex-
treme massless black holes separated by a distance 2κ and carrying opposite
NUT and magnetic charges with the special value NH = −PH = −
√
2/3κ.
As we have seen, although the Dirac-Misner string between the two black
holes is tensionless, the overall balance nevertheless requires that it carry a
negative Komar mass MS ≃ −M and an electric charge QS ≃ 2M . Given
that energy is actually non-localisable in general relativity, the attribution
of a Komar mass to the string does not seem relevant. On the other hand,
electric charge is a local quantity, so it would seem surprising that the Dirac-
Misner string is charged. It turns out that this apparent string charge
QS =
1
4pi
∫
(ξ=0)
√
|g|F tξ dy dϕ (4.13)
(ξ2 ≡ x2 − 1) is induced on the Misner string by its interaction with the
external magnetic field generated by the two horizons. To see this, we
evaluate (4.13) a` la Tomimatsu [11]. The covariant density
√|g|Ftξ vanishes
on the string ξ2 = 0 because both
√|g| from (2.13) and Ftξ = −∂ξAt go to
zero as O(ξ). It follows that, on the string√
|g|F tξ = ωS
√
|g|Fϕξ = −4NHBy, (4.14)
where we have identified NH = −ωS/4, and introduced the magnetic vector
field dual to the magnetic tensor field. This vector field is the gradient of
the magnetic scalar field u (the imaginary part of the Ernst potential ψ),
leading eventually from (4.13) to
QS = −2NHu(x = 1, y)]1−1. (4.15)
Evaluating this in the limit m→ 0 leads to
QS ≃ −4NHµm
m2b2
≃ 2M. (4.16)
5 Conclusion
We have presented a two-parameter family of exact asymptotically flat sta-
tionary solutions to Einstein-Maxwell theory. These solutions are free from
conical singularities, and free from ring singularities in a specific parameter
range. They represent systems of two non-rotating extreme black holes with
equal masses and electric charges, and opposite magnetic and NUT charges,
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connected by a tensionless Dirac-Misner string. The asymptotic observables
are the total mass M , angular momentum J (which can possibly vanish),
and magnetic moment µ.
Let us emphasize that the balance achieved in these field configurations
necessitates a fine tuning of all four black hole charges: for a given ADM
mass M of the configuration, the values of the various black hole charges
vary with the distance 2κ between the two black holes. Furthermore, this
distance is bounded below by
2κ >
2M
mmax
≃ 0.8M. (5.1)
This differs from the case of Majumdar-Papepetrou or Israel-Wilson-Perje`s
superpositions, where the charges obey a no-force law which does not involve
the distance between the two sources. The necessary presence of a NUT
dipole implies a Misner string connecting the two horizons and breaking the
axis condition. We have shown elsewhere that Misner strings are not an
obstacle to geodesic motion, and argued that they do not necessarily lead
to observable violations of causality [5, 6].
We have also discussed the large-distance limit. In this limit, the system
has approximately equal (in gravitational units and absolute value) angular
momentum and magnetic moment, which can be arbitrarily large relative
to the mass. The distance between the two extreme constituent black holes,
and their magnetic/gravimagnetic charges, are of the order of the square
root of the total angular momentum, while the black hole masses are of the
order of the total mass.
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